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Abstract 


A loop (Q,-,\,/) is called a middle Bol loop if it obeys the identity x(yz\r) = 
(x/z)(y\x). In this paper, some new algebraic properties of a middle Bol loop are 
established. Four bi-variate mappings f;,g;, 7 = 1,2 and four j-variate mappings 
aj,2;,0;,0;, J € N are introduced and some interesting properties of the former are 
found. Neccessary and sufficient conditons in terms of f;,9;, 1 = 1,2, for a middle Bol 
loop to have the elasticity property, RIP, LIP, right alternative property (RAP) and left 
alternative property (LAP) are establsihed. Also, neccessary and sufficient conditons 
in terms of aj, 8;,6;,0;, 7 € N, for a middle Bol loop to have power RAP and power 
LAP are establsihed. Neccessary and sufficient conditons in terms of fj,g;, 1 = 1,2 
and aj, 3;,¢;,%;, 7 € N, for a middle Bol loop to be a group, Moufang loop or extra 
loop are established. A middle Bol loop is shown to belong to some classes of loops 
whose identiites are of the J.D. Phillips’ RIF-loop and WRIF-loop (generalizations of 
Moufang and Steiner loops) and WIP power associative conjugacy closed loop types if 
and only if some identities defined by g; and gz are obeyed. 


1 Introduction 


Let G be a non-empty set. Define a binary operation (-) on G. If x-y € G for all z,y € G, 
then the pair (G,-) is called a groupoid or Magma. 
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If each of the equations: 
6-o=) and asp 


has unique solutions in G' for x and y respectively, then (G,-) is called a quasigroup. 

If there exists a unique element e € G called the identity element such that for all 2 € G, 
r-e=e-x=2, (G,-) is called a loop. We write ry instead of x- y, and stipulate that - has 
lower priority than juxtaposition among factors to be multiplied. For instance, x - yz stands 
for x(yz). 

Let xz be a fixed element in a groupoid (G,-). The left and right translation maps of G, 
L, and R, respectively can be defined by 


lig =e y and Vig = Ym. 


It can be seen that a groupoid (G, -) is a quasigroup if it’s left and right translation mappings 
are bijections or permutations. Since the left and right translation mappings of a loop are 
bijective, then the inverse mappings Lz’ and R;z! exist. Let 


Hye= yl, =yly=tR, and t/y =2R,* = aR, = yL, 


and note that 


Lg= 2S e429 and Cy =2eS> ey SH 


Hence, (G, \) and (G, /) are also quasigroups. Using the operations (\) and (/), the definition 
of a loop can be stated as follows. 


Definition 1.1. A loop (G,-,/,\,e) is a set G together with three binary operations (-), 
(/), (\) and one nullary operation e such that 


(i) «-(a\y) =y, Y/t)-«=y for allay €G, 
(ii) z\(x-y) =y, (y-2)/x =y for all x,y € G and 
(iii) z\z = y/y ore-x =z for allz,y EG. 


We also stipulate that (/) and (\) have higher priority than (-) among factors to be 
multiplied. For instance, x-y/z and x- y\z stand for x(y/z) and x(y\z) respectively. 

In a loop (G,-) with identity element e, the left inverse element of x € G is the element 
tJ, = x € G such that 


o-r=e 


while the right inverse element of x € G is the element «J, = x? € G such that 
oa? = dé; 


For an overview of the theory of loops, readers may check [A] [7] Bal. 
A loop (G,-) is said to be a power associative loop if < x > is a subgroup for all c € G 
and a diassociative loop if < 2,y > is a subgroup for all 2, y € G. 
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Definition 1.2. Let (G,-) be a loop. G is said to be a left alternative property loop (LAPL) 
if for allxz,y € G, v- ay = xx-y, a right alternative property loop (RAPL)if for all 
xr,yeG, ye-x=y-xx, and an alternative loop if it is both left and right alternative. 
A power associative loop (G, -) is said to be a power left alternative property loop (PLAPL) 
if for allz,y € G, x(---(a(xy))---) = xy and a power right alternative property loop 
— 


n—times 
(PRAPL)if for allz,y € G, (---((yx)x)--+)a = yx”. 
—tt 


A loop (G,-) is called a flexible or an elastic loop if the flexibility or elasticity property 
VL ous 


holds for all x,y € G. 

(G,-) is said to have the left inverse property (LIP) if for allz,y € G, c+. xy = y, the 
right inverse property (RIP) if for allx,y € G, yx: x? = y and the inverse property if it has 
both left and right inverse properties. 


There are some classes of loops which do not have the inverse property but have properties 
which can be considered as variations of the inverse property. 
A loop (G,-) is called a weak inverse property loop (WIPL) if and only if it obeys the 
identity 
x(ye)?=y or (ay)*r=y" (1) 
for all z,y € G. 


Definition 1.3. A loop (G,-) is called a cross inverse property loop(CIPL) if it obeys the 
identity 


wer =y oF mye =_y or 2 -y=y or 2yeec=y ©) 


for all x,y, € G. 
A loop (G,-) is called an automorphic inverse property loop(AIPL) if it obeys the identity 
(ay)? =2?y? or (ay)* = ay? (3) 
for all z,y,€ G. 
A loop (G,-) is called an anti-automorphic inverse property loop(AAIPL) if it obeys the 
identity 
(ay)? =y?a? or (ay) = 22" (4) 
for all z,y,€ G. 
A loop (G,-) is called a semi-automorphic inverse property loop(SAIPL) if it obeys the 
identity 
(ge) ey ea or (xy- 2) = ay*- 2% (5) 


for all z,y,€ G. 


A loop satisfying the identical relation 


(zy z)y = x(yz-y) (6) 
is called a right Bol loop (Bol loop). A loop satisfying the identical relation 


(x - ya)z = xy - x2) (7) 


is called a left Bol loop. 
A loop (Q,-) is called a middle Bol if it satisfies the identity 


u(yz\x) = (x/z)(y\2) (8) 


It is known that the identity is universal under loop isotopy and that the universality 
of implies the power associativity of the middle Bol loops (Belousov [I]). Furthermore, 
(8) is a necessary and sufficient condition for the universality of the anti-automorphic inverse 
property (Syrbu [23]). Middle Bol loops were originally introduced in 1967 by Belousov [I] 
and were later considered in 1971 by Gwaramija [10], who proved that a loop (Q,°) is middle 
Bol if and only if there exists a right Bol loop (Q,-) such that 


roy=(y-ry)y, for every x,y € Q. (9) 
This result of Gwaramija [10] is formally stated below: 


Theorem 1.1. Jf (Q,-) is a left (right) Bol loop then the groupoid (Q,°), where roy = 
y(y ‘x - y) (respectively, roy = (y- xy')y), for all x,y € Q , is a middle Bol loop and, 
conversely, if (Q,°) is a middle Bol loop then there exists a left(right) Bol loop (Q,-) such 
that roy = y(y x+y) (respectively, roy =(y-xy)y), for all z,y € Q. 

Remark 1.1. Theorem [Zi] implies that if (Q,-) is a left Bol loop and (Q,o°) is the 
corresponding middle Bol loop then xoy=x/y~' andx-y=2//y~' , where ”/” (”//”) is 
the right division in (Q,-) (respectively, in (Q,0)). Similarly, if (Q,-) is a right Bol loop and 
(Q,0) is the corresponding middle Bol loop then xo y= y'\y andx-y = y//x~' , where 
“\" (7//”) is the left (right) division in (Q,-) (respectively, in (Q,0)). Hence, a middle Bol 
loops are isostrophs of left and right Bol loops. 


If (Q,°) is a middle Bol loop and (Q,-) is the corresponding left Bol loop, then (Q,*), 
where x*xy =y-2, for every x,y € Q, is the corresponding right Bol loop for (Q,°). So, 
(Q,-) is a left Bol loop, (Q,*) is a right Bol loop and 


coy=y(y wey) = [yx (axy™)] ¥y, 
for every x,y € Q. 
After then, middle Bol loops resurfaced in literature not until 1994 and 1996 when Syrbu 
[21] [22] considered them in-relation to the universality of the elasticity law. 
In 2003, Kuznetsov [25], while studying gyrogroups (a special class of Bol loops) estab- 
lished some algebraic properties of middle Bol loop and designed a method of constructing a 


middle Bol loop from a gyrogroup. According to Gwaramija [10], in a middle Bol loop (Q,-) 
with identity element e, the following are true. 
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1. The left inverse element x* and the right inverse x? to an element x € Q coincide : 
AP 
Ye a 


99 


2. If (Q,-,e) is a left Bol loop and” /” is the right inverse operation to the operation 
, then the operation oy = x/y~' is a middle Bol loop (Q, 0, e), and every one middle 
Bol loop can be obtained in a similar way from some left Bol loop. 


These confirm the observations of earlier authors mentioned above. 

In 2010, Syrbu studied the connections between structure and properties of middle 
Bol loops and of the corresponding left Bol loops. It was noted that two middle Bol loops 
are isomorphic if and only if the corresponding left (right) Bol loops are isomorphic, and 
a general form of the autotopisms of middle Bol loops was deduced. Relations between 
different sets of elements, such as nucleus, left (right,middle) nuclei, the set of Moufang 
elements, the center, e.t.c. of a middle Bol loop and left Bol loops were established. 

In 2012, Grecu and Syrbu [8] proved that two middle Bol loops are isotopic if and only if 
the corresponding right (left) Bol loops are isotopic. They also proved that a middle Bol loop 
(Q, 0) is flexible if and only if the corresponding right Bol loop (Q,-) satisfies the identity 


(yx)~' - ae . yt) a ip, 


In 2012, Drapal and Shcherbacov [5] rediscovered the middle Bol identities in a new way. 
In 2013, Syrbu and Grecu established a necessary and sufficient condition for the 

quotient loops of a middle Bol loop and of its corresponding right Bol loop to be isomorphic. 
In 2014, Grecu and Syrbu [9] established: 


1. that the commutant (centrum) of a middle Bol loop is an AIP-subloop and 


2. a necessary and sufficient condition when the commutant is an invariant under the 
existing isostrophy between middle Bol loop and the corresponding right Bol loop. 


In 1994, Syrbu [21], while studying loops with universal elasticity (ry: uv = x - yz) 
established a necessary and sufficient condition (xy/z)(b\xz) = x(b\[(by/z)(b\xz)|) for a 
loop (Q,-,\, /) to be universally elastic. Furthermore, he constructed some finite examples 
of loops in which this condition and the middle Bol identity x(yz\xr) = (a/z)(y\x) are 
equivalent, and then posed an open problem of investigating if these two identities are also 
equivalent in all other finite loops. 

In 2012, Drapal and Shcherbacov [5] reported that Kinyon constructed a non-flexible 
middle Bol loop of order 16. This necessitates a reformulation of the Syrbu’s open problem. 
Although the above authors also reported that Kinyon reformulated the Syrbu’s open prob- 
lem as follows: Let Q be a loop such that every isotope of Q is flexible and has the AAIP. 
Must Q be a middle Bol loop? This study prepares the ground for different reformulation of 
Syrbu’s open problem based on the fact that the algebraic properties and structural proper- 
ties of middle Bol loops have been studied in the past relative to their corresponding right 
(left) Bol loop. Our envisioned reformulation of the equivalence of the universal elasticity 
condition (UEC) and the middle Bol identity (MBI) is by searching for an additional iden- 
tity (AI) such that UEC = MBI+AL. In this work, we prepare a good ground to reformulate 
Syrbu’s question: 


1. by establishing some new algebraic properties of a middle Bol loop; 


2. by investigating the relationship between a middle Bol loop and some inverse property 
loops like WIPLs, CIPLs, AIPLs, SAIPLs, RIPLs and IPLs; 


3. by establishing necessary and sufficient condition(s) for a middle Bol loop to be a 
Moufang loop or an extra loop or a group. 


Definition 1.4. Let (Q,-) be a loop and let wi(q1, G2,°+* » Qn) and we(qi, G2,°** » dn) be words 
in terms of variables q1,42,°-+ dn of the loop Q with equal lengths N(N € N, N > 1) 
such that the variables q,,q2,°°+ ,dn appear in them in equal number of times. Q is called a 

ee loop if it obeys the identity wy(q1,q2,°*+ 5Qn) = We(G1, G2,°°* 5 In) 


Wi (r1,72,° Pn )=wa(r1 72," rn) 


where m1,™M2,°-- ,Mn € N represent the number of times the variables q,q2,--:,dn € Q 
respectively appear in the word w, or Wy such that the mappings q, > 11, q2 > T2,°°* 5 dn 
Tn are assumed, 71,T2,°°-Tn EN. 


Remark 1.2. The notation in Definition [1.4] was used in the study of the universality of 
Osborn loops in Jatyéolé and Adéniran when N=z. In Phillips [17], the case when 
N= surfaced in the characterization of WIP power-associative conjugacy closed loops with 
the two identities: LWPC-(xy-x)(xz) = x((yx-x)z) and RWPC-(zx)(x- yx) = (z(a-xy))x. 
Kinyon et. al. introduced two classes of loops that generalize Moufang and Steiner loop, 
namely: 


e RIF loop-this is an IPL that obeys the identity (xy)(z- xy) = (x@-yz)x-y; and 


e WRIF loop-this is a flexible loop that satisfies the identities W,: (zx)(yxy) = z(xyx)-y 
and W2: (yzy)(#z) = y- (xyz)z. 


They showed that a WRIF loop is a dissociative loop and a RIF is a WRIF loop. It clear 
that these two loops are described by identities of the type N=o 


In 1968, Fenyves [6] obtained sixty identities of Bol-Moufang type. These identities have 
four variables on each side of the equations in the same order with one element repeating 
itself. Fenyves [6], Kinyon and Kunen [14], and Phillips and Vojtéchovsky found some of 
these identities to be equivalent to associativity in (loops) and others to describe extra, Bol, 
Moufang, central, flexible loops. Some of these sixty identities are given below following the 
labelling in Fenyves [6]. 


Fi: zy- zx = (ry- z)x (Associativity) Fy: cy - xz = (x- yx)z (Associativity) 
Fy: xy- zx = (x- yz)x (Moufang identity) Fi3: vy: 2z = x(yx- z) (extra identity) 
F3: xy- zx = x(y- zx) (Associativity) Fig: xy - xz = 2x(y- «z) (Associativity) 
Fy: xcy- zx = x(yz- x) (Moufang identity) Fy: yx + zx = (yx: z)x (Associativity) 
Fu: ry- xz = (xy-x)z (Associativity) Foo: yx - zx = (y+ ez)ax (extra identity) 


Fo3: yx zz = y(xz- x) (Associativity) Fy9: yx - xz = (y- xx)z (Associativity) 
Fog: yx: zx = y(ax- zx) (Associativity) F33: yx - xz = y(xx - z) (Associativity) 


F3): yx- xz = (yx: x)z (Associativity) Fyq: yx - az = y(x- xz) (Associativity) 


2 Main Results 

Lemma 2.1. Let (Q,-,\,/) be a middle Bol loop. Then 
(a) (yz)? = z*-y? and z’ = z i.e. (Q,-) is an AAIPL. 
(b) yx\z = x\(y\z). 

(¢) “2ev=24 oad) =o ond Ryd = 1 Sl HL Re 
(d) ze\a =2\ (aye). 

(e) (cz)u=2 6 (ru)z =2 and R,R, =1 6 R,R, = 1. 
(f) x(z\z) = (2/z)z. 

(g) xx = (x/z)(z*\x), vx = (x/y?)(y\z). 

(h) |x| = 2  (2/z)* = 2-"\z. Hence, (Q,/) = (Q, (\)"). 
(i) (x/yz)x = (x/z)(y\z). 


(j) (Q,-) is a CIPL iff (Q,-) is a commutative WIPL iff (Q,-) is a commutative IPL iff (Q, -) 
is commutative LIPL iff (Q,-) is commutative RIPL. Hence, (Q,-) is a commutative 
Moufang loop. 


(k) (Q,-) is a SAIPL iff (Q,-) is flexible. 
(1) (Q,-) is a AIPL iff (Q,-) is commutative. Hence, (Q,-) is an isostroph of a Bruck loop. 
(m) The following are equivalent: 


1,.(Q,/) =(Q;\); 3. (x/yx)x = y(yr\y). 5. (x/yx)x = (y/yx)y. 
2. x(yx\x) = y(yr\y). 4. x(yx\x) = (y/yx)y. 


Proof. (a) Since (Q,-,\, /) is a middle Bol loop, then 


u(yz\x) = (x/z)(y\2). (10) 


\(y\e). Let yz\e = u, then e = yz-u => u= (yz)? 
v a CS wu Sy. 
z)? = 2. y?, Let y =e, then (ez)? = z*- e? implies 


Let x = e, then, e(yz\e) = (e/z 
Let e/z = v, thane =v-z> 


Oo (Ue Neh ere) Nia 


P= 2, 


(b) Put 2 = ¢ in (10), then 2(ye\2) = @/aig\2) = ely\x) > ciye\2) = y\e. Thos, 
(yx) \e = #\(y\e). 
(c) From (b), lei ua =(gz)\eS a )-u =a (yo)u =o. Let a\(y\e) =u S y\ c= ous 


e = ylo-u) Then, yeu) = 2S #4, = 1. Also, (yaju=a2e Lb, Ry =1~ Therefore, 
yujusa & you) —orand Ab, = 1S Ly ky = 1. 


(d) pe = a ye then z(xz\x) = (a/z)(ax\x) = (a/z)e and x(xz\xr) = x/z. Therefore, 


(e) From: (d); lei w= o2\e + (a2) = 2 and let w = 2\(e/2) > cu — c/2—> (eu)2 =, 
thats (2) = 2 = (au)e =e. Then ALA, =i > Ak, = 1. Theretore, RR, = 
IS R,R, = 1. 


(f) Put y= in (10), then x(e2\z) = (2/z)(e\z) > 2(z\x) = (2/2)c. 
(gz) Put y = 2* in (0), then 2(2*2\2) = (@/z)(2*\2) => z(e\x) = (2/z)(2*\z). 


(h) Also, put z = y? in (10), then x(yy?\x) = (x/y’)(y\x) > a(e\x) = (x/y’)(y\xz). This 
implies that xx = (x/y?)(y\x). So, (x/z)(z*\x) = (x/y?)(y\z). 


(i) Assuming x? = e, then e = (r/y’)(y\z) = e/(y\x) = x/y? => (y\x) = x/y?, implies 
(y\z)—! = x/y71. Likewise, assuming that 2? = e, then e = (x/z)(z*\x) > (x/z)\e = 
(2*\a), therefore, (x/z)? = z*\z, that is, (a/z)-' = 271 '\2 => 2/z = z\a. |z| = 26 
(/2)" =2"\@ and g/Z7=]2\2 — 2/2 =2(\)"e => (Q./) = (Q,()*): 

(j) Again, ina MBL, CIPS WIP and AIP + IP and (zy)! =a2-1y! o IP andy let = 


alg? 2 IP and (|e) = (a) & IP and yr = ay SIP and 
commutativity. 


(k) SAIPL & ((2y)-@)? = (2? <9? a? BS aay) = (eg ea * Se et eg et =e 
ya (OYE) = (YE YY) oye = (eye & 
flexibility. 


Ql) zy =ye S (ay) = Ga) S (ay) = ay S AIPL. 


(m) From (b) and (d), y\z = z(yr\x) and «/z = 2(xz\xz). Thus, (Q,/) = (Q,\) if and 
only if z(yx\x) = y(yx\y). The equivalence to the others follow from (f). 
O 


Lemma 2.2. Let (Q,:,\,/) be a middle Bol loop. Let f,,9, : Q? 4 Q. Then: 


1. filz,y) = yr\x & fi(z,y) = \(y\2); 
(a) filz,e) =e. (d) file,z) =a". (9) file,x-*) =x. 
(b) filx',e) =e. (a jie) = _ 
(c) file,e) =e. (fats) = (h) filx,a7') =a. 
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2. gi(z,y) = zy\2 > giz, y) = \(z/y); 


(a) gi(z,e) =e. (d) gi(e,z) =a. (9) nle,a-") =x. 
(b) g(a", e) =e. (e) (2.2) =n. 
(c) gi(e,e) =e (f) g(a", x)= 2". (h) g(x, 27") =a. 


3. filz,y) = g(2,y) & (Q,:) is commutative. 
4. filz,y) = (x,y)  (Q,(\)*) = (@,/) = (Q,\) = (@, (/)"). 
5. filz,y) = (a, y)  yx\x = x\(z/y) @ zy\r = z\(y\z). 
6. c=y-(x/y) @ (y\z) yar 
Proof. 1. From Lemma Pul{b), yxr\r = 2\(y\x). So, filz,y) = ye\x © filx,y) = 
x\(y\z). 
2. From Lemma 2 J\d), g2\e = a\(z/z). So, gi(e,2) = ze\cn S gi (2, 2) = a\(a/z). 
3. Since filt,y) = yx\x @ fi(z,y) = x\(y\z) and gi(z,y) = zy\z @ u(z,y) = 


a\(x/y), then, fi(z, y) = g(x, y) = yx\x = ry\x > YX LY => (Q,°) is com- 
mutative. 


4. fi(z,y) = n(a,y) & «\(y\z) = a\(r/y) & y\z = t/y & y\r = t/y & y\z = 
y(/)*x => 2(\)*y =2/y = (Q,(\)*) = (@,/) + (Q,\) = (Q, (/)") 


5. fila, y) = (az, y) & cy\ax = z\(x/y) and yxr\z = x\(y\xr). By equating the LHS, we 
have ry\x = yx\x <=> x\(z/y) =2\(y\z) => z/y=y\cz. 


A(t, y) = gi(t,y) > vy\z=2\(r/y) => yr\x = 2\(y\z). 


6. Therefore, y\x = 2/y #2 =y- (a/y) or (y\x)-y=z. 
O 


Theorem 2.1. Let (Q,-,\,/) be a middle Bol loop and let fi, 91 : Q? 4 Q and a;, 8; : Q' > 
Q be defined as: 


filz,y) = yx\x or fi(z,y) = x\(y\x) and g(x,y) = xy\x or gi(x,y) = x\(x/y), 
OG( i 35, «+ «5G! = (ors (ide 3) ) 1. ep ee od 


Bi (x1, TQ,--- cl = £1 \(to\(x3\(- se Xj-2\(4i_-1\2;) mes ))) VieN. 
The following are true. 
i. AGO Qa, . gt) = fe neon sete tls filz,y)). 


2. file oni (ey, 2,4, een ae) = By silt 2,8, aoice ,£,91(a,y)). 
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3. (Q,-) has the RAP if and only if fi(x, y) = x[(yx?)\q]. 
4. (Q,-) has the PRAP if and only if yx” - Bn (a Get, Jala y)) =e. 
5. If (Q,-) has the RAP, then (Q,-) is of exponent 2 if and only if fi(x,y) = x(y\z). 
6. If (Q,-) has the PRAP, then (Q,-) is of exponent n if and only if 
y- Bul eye, sgn fi(z,y)) = %; 
Proof, 1: By Lemma 21h), yo\e=2\(y\o) => Ge), = (o)o, => ALR. = FL, = 
R= RoR (11) 
By equation 
He = ihe = Rela, haha = Thales 
Ry = BR, Ry = RekZRz RolzRz = ReLZRz' 
Rew ilk. ake 
Therefore, we claim that: R® = R,L" Rz'RzLgR,z | = Rel™R;z|, n> 0. Thus, for 


© 2 


all y € Q, 
(---((ya-a)a-a)a---)a\x = (#\---(a\(x\(y\2)))---) (12) 


Equation implies that f; ce Oh Os xs z)) = By Cee page t a, y)). 


2. By Lemma 21d), 222 = o\(a/7) =} @2elke= Gel. = 2h, = -L = 
LaRy = Lille > 


i= lel. (13) 
By equation and equation (13), 


Lipa legl Rh. hel hk. Slat ok, HR. 


ink Sal Ra RL Hl 
io ait ho hel = lal Re 
Therefore, L,R? = LLY YRS 


© 2 


n> 1. Thus, for all y € Q, 


(---((ty-w)a-a)a---)a\a = (e\--- (#\(e \(2/y))) ---) (14) 
n-times (n + 1)-times 


Equation (14) implies that f; (a Ce Cn es ae: x)) = Bag (a SCC y)). 
3. This follows from 1. when n = 2. 


4. This follows from 1. 
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5. This follows from 3. 


6. This follows from 4. 


Lemma 2.3. Let (Q,-,\,/) be a loop. The following are equivalent. 


1. (Q,:,\,/) be a middle Bol loop. 
2. alyz\z) = Cef2)(y\x) jor alle. y;2 © Q. 
8. (x/yzje = (@/z)\(y\x2) for all a, y,2 6 Q. 


Proof. From Lemma[2.I{f), x(z\x) = (x/z)x. On another hand, if (x/yz)x = (x/z)(y\zx) is 
O 


true, then z(y\xr) = (a/y)z. So, 1., 2. and 3. are equivalent. 


Theorem 2.2. Let (Q,-,\,/) be a middle Bol loop and let fy, 91, fo, 92 : Q? > Q be defined 


as: 


fi(x,y) = yx\sx or fi(z,y) = 2\(y\x) and g(x,y) = xy\x or gi(x,y) = x\(x/y), 
fo(x, y) = x/(xy) or fo(a,y) = (x/y)/x and go(x,y) = x/(yx) or go(x,y) = (y\x)/2. 


Then: 

(a) x/yx = (y\zx)/z. 

(b) z(yx) =2 6 y(zx) =2 and LyL, =1 6 LL, =I. 
(c) x/(xz) = (2/z)/x. 

(d) (yz)u=« y(eu) =2 and R,L, =1 61 =L,R,. 
(e) falz,y) = 2/(zy) > folz,y) = (2/y)/2. 

(£) go(x,y) = x/(yx) = go(z,y) = (y\z)/x. 


(g) The following are equivalent: 


1. (Q,/) =(Q,\). 


3. 
2. [x/(ay)Je = [y/(ty)ly. 4. [x/(ey)]@ = y[(ry)\y]. 


OG) ¢2'2=2S a2 = e/a) eee ee =e 
(j) (Q,-) is a CIPL if and only of czy! = [x/(yx)|z. 
(k) yr z=USaz=92(2,y) Tey rz =". 


(1) (Q,-) is a CIPL if and only if zy~! = go(x, y)- x. 
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5. x[(xy)\a] = y[(xy)\y]. 


(im) 25297 =2 S 22 =a |(9y) ae Se ee ey = ee 

(n) (Q,-) is a CIPL if and only if y~'x = x{(ry)\z]. 

(0) 2-29 =e 4 27 = @- 91 (a5) 

(p) (Q,-) is a CIPL if and only if yx = 2+ gi(z, y). 

(q) 2-9 oS er = 2|(90)\a| Sy - ee =e: 

(r) (Q,-) is a LIPL af and only if y~'z = 2[(yx)\a]. 

(Ss) 2 a= 2S er =e f(a, W). 

(t) (Q,-) is a LIPL of and only if yz = a - f,(z,y). 

(Ul) 2y° 22 S02 = |x zy) le. 

(v) (Q,-) is a RIPL if and only if cy = [x/(xy)]x. 

(w) sy+2=7S oe = fou, y) ox. 

(x) (Q,-) is a RIPL if and only if cy~! = fo(x, y)- x. 

Proof. This is achieved by using the identity in 3. of Lemma i.e. 
(2/yz)a = (a/2)(y\2) (15) 

the ways in which the identity in 2. of Lemma[2.3]was used to prove the results in Lemma[2.I] 

(a) Substitute z = a in (1). 

(b) Use (a). 

(c) Substitute y = x in (15). 

(d) Use (c). 

(e) Follows from (c). 

(f) Follows from (a). 


(g) From (a) and (c), x\y = (y/zy)y and z/z = (x/xz)z. So, (Q, \) = (Q,/) © [x/(ry)|z = 
[y/(xy)|y. The equivalence to the others follows from Lemma [2.I{f). 


(i) Let z = yx\z, then yx- z=. So, xz = [x/(yx)|]x. Using Lemma 2.I{c) in addition, 
je c= eS ae = e/a) le Sys a x 


(j) Apply (i). 
(k) Use (i). 
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(1) Apply (k). 


(m) Let z = z/ay, then z- xy = x. So, zx = a[(xy)\z]. Using Lemma. IIc) in addition, 
ya eS oe S207) | Seiya a. 


(n) Apply (m). 
(o) Use (m). 
(p) Apply (0). 


(q) Let z=2/yzx, then z- yr =x. So, zx = x[(yx)\z]. Using (b) in addition, z-yr =xe 
20 = O92) oS ae a 


(r) Apply (q). 
(s) Use (q). 
(t) Apply (s). 


(u) Let z = zy\a, then ry-z =z. So, zx = 2[(yx)\z]. Using Lemma [2.lfe) in addition, 
fy: Pan Sar = la) eye Sas =e, 


(v) Apply (u). 
(w) Use (u). 
(x) Apply (w)(Q,-) is a RIPL if and only if zy~! = fo(z,y) - 2x. 


Lemma 2.4. Let (Q,:,\,/) be a middle Bol loop and let fy, 91, fo, 92 : Q? > Q. 
1. fo(x,y) = 2/(zy) > folx,y) = (x/y)/z; 


(@) $2) = flea) = poe) =a 
OY) hie = per =e 
(c) fo(z,e) = fola ye) = folé,€) =e. 


2. go(x,y) = x/(yx) = go(x,y) = (y\x)/2; 


(a) g2(x, ge = O07 22. 
() oa eagle") =m 
(c) go(x, = go(x, e) = ga(e,e) =e. 


3. The following are equivalent: 
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(a) fo(x,y) = ga(a,y). (¢) (Q,(\)*) = (@,/). (e) x/ay = y 
(b) (Q,-) 1s commutative.  (d) (Q,\) = (Q, (/)”). (f) a/yx = (& 


\ 
/y)/2. 


4. The following are equivalent: 


(a) ily) = Alx,y). (c) (yx)(a/ay) = x. 


(b) (yx\x)(xy) = &. (d) «\(y\x) = (2/y)/e- 
5. The following are equivalent: 
(a) (x,y) = g2(x,y). (c) (xy)(a/yx) = x. 
(b) (wy\x)(yx) = &. (d) «\(x/y) = (y\2)/. 
6. The following are equivalent: 
(a) filz,y) = 92(2,y). (c) (yx\x)(yx) = «. (e) [(y\)/a]z = y\z. 
(6) (yx)(a/yx) = x. (d) a|(y\x)/] = y\z. 
7. The following are equivalent: 
(a) fo(z,y) = m(2,y). (c) (yx\x)(yx) = x. (e) |a\(2/y)]a = x/y. 
(b) (ay\x)(ay) = &. (d) x|(x/y)/z] = x/y. 


Co 


. fo(x,y) fiz, z) = 2[(z2)(xy)\2] = [x/(22)(2y)]2. 


9. [(e/y)/a]le\(2\2)] = 2[(22)(2y)\e] = [e/(22)(ey)]- 
10. g(x,y) 9x(x, 2) = 2[(v2)(yx)\z] = [2/(x2)(yo)]=. 
11. [(y\z)/2] [e\(e/2)] = 2 [(e2)(y)\2] = [2/(02)(ye)] =. 


12. foxy) (a, z) = x[(wz)(xy)\a] = [x/(@z) (ay) ] 2. 
13. [(x/y)/2] [«\(2/2)) = 2[(x2)(2y)\z] = [2/(22)(ey)] 2. 
14. go(x,y) fila, z) = x[(xz)(yx)\a] = [x/(wz)(ya)] a. 
15. |[(y\x)/a] [x\(2\2)] = x[(@z)(yx)\a] = [x/(@z) (yx) |e. 
Proof. Use Theorem PJJand the hypothetic definitions of f;,9;, i = 1,2. 
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Theorem 2.3. Let (Q,-,\,/) be a middle Bol loop and let fz, g2 : Q? > Q and ¢;, 1; : Q' > 
Q be defined as: 


fox, y) = 2/(xy) or falz,y) = (v/y)/@ and go(x,y) = x/(yx) or go(v,y) = (y\x)/2, 
ONO; Boy via gl) = 04-4 (esl Ws) )\)a.)) and 


q;(21, Lo, ..., 24) = ((... ((t1/t2)/23) ...)/24-1)/4i Vi EN. 
The following are true. 
ds at iE) Sg Fo GY) Sips 
. fo(t,dn4i(t,Y, @,2,...,2,2)) = Un4r(go(2,y),2,2,...,2). 
. (Q,+) has the LAP if and only if fo(x,y) = [x/(22y)]z. 
. (Q,:) has the PLAP if and only if dn(fo(a,y),2,2,...,2)-a"y =a. 
If (Q,-) has the LAP, then (Q,-) is of exponent 2 if and only if fo(a,y) = (a/y)z. 


A A HR w B® 


If (Q,-) has the PLAP, then (Q,-) is of exponent n if and only if 
Wn ( fala, i) Ba a a i 
Proof. This is very much similar to the proof of Theorem 


1. From the identity in Lemma[2.i[c), we get 


i=l RL (16) 


By equation (16), we claim that: L? = L,R"L;!, n > 0. Thus, for all y € Q, 


x 


a/{x(---v(a(a-xy)))---] = ((((a/y)/#)/2)/2---)/x (17) 
-times n-times 


Equation implies that fo ce Onl, By Ric acs x)) = Vn (fala, tf | iMacs as ae 
2. From the identity in Lemma [2.I{c), we get 


R, = R,R,Lz! (18) 
Therefore, by equation and equation (18), R,L"L, = Rz Rn a n > 1, Thus, for 
all y € Q, 
a/|x(---x(a(x -yx)))---] = ((((y\2)/2)/2)/2---)/x (19) 
n-times (n + 1)-ti 


Equation implies that fo(z, bn4i(Z, Y,U,U,... 0, x)) = Wn+1 (go(a, y), 2; Tye sey oh; 


3. This follows from 1. when n = 2. 
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4. This follows from 1. 
5. This follows from 3. 


6. This follows from 4. 


O 


Theorem 2.4. Let (Q,-,\,/) be a middle Bol loop and let f1,91, fo,g2 : Q? > Q and 
ai, Bis bi, Wi: Q’ 2 Q be defined as: 
filz,y) = yx\x or filx,y) = 2\(y\x) and gi(a,y) = cy\x or n(x, y) = x\(x/y), 
fo(x,y) = x/(xy) or fo(x,y) = (a/y)/x and go(x,y) = x/(yx) or go(x,y) = (y\2)/z, 
Oi Mis Ways. ge) = Gear (Wa es a) 
Bi(x1,£2,.--, £4) = £1\(T2\(x3\(--- Li-2\(4i-1\ zi) ---))), 
Oy Mis aye ng We) = Pca aan (ga (5 (aes) ))) ax) od 
Wi(e1, X2,..., 053) = ((... ((1/%2)/23)...)/ai-1)/ai Vi EN. 


1. The following are equivalent. 


(a) (Q,-) ts a group. 

(b) e/y= [hey file;2))/Ba(e;2, 2,2) 

(c) x/y= [ f2( (2, w) fil (x, z)] /(B2(os( (ea, ey a): 
(d) z\r = py(2, Osha y))\ [Fo DU) Fie z)]. 
(e) z\z = qalz,y, 2, 2)\ fale, “ z)). 

(f) as(@, 2,4) > go(@, y)gi(@, 2) = 


(9) g2(,y)gi(2, 2) - b3(2, 2,y) = 
(h) folz,y)gi(a, 2) = a(fo(a, Y); eee) 
03 Cz; Y,4 zZ)=2 


Gj) ag(z, x,y) > ga(x, y) filz, ive z. 
(k) go(z,y) fila, z) = W2(g2(x, y), x) bo(fi(z, 2), 2). 


2. If (Q,-) is of exponent 2, then (Q,-) is a group if and only if (a/y)(z\x) = 
fra(x, y) fila, z). 


3. If (Q,-) ts flexible, then (Q,-) is a group if and only if fo(x,y)q(a,z) = 
do(z, fale, y)) 2 (go(z, 2), ). 


4. The following are equivalent. 


) 
(i) fo(z,y)gi(a, 2) - 
) 
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(a) (Q,-) is a Moufang loop. (¢) go(%,y) giz, 2) - 0g(y, 2,2) = x. 
(b) $3(z, Y, %) 7 go(x, y)gi(a, z) = x. 
5. The following are equivalent. 
(a) (Q,-) is an extra loop. (c) bs(y, x, 2) - go(x, y) fila, z) = x. 
(b) fala, y)gi(2, Z) . a3(z, v, y) _ 
Proof. 1. (a)(b) Using F3; and 8. of Lemma[2.4] (Q,-) is a group if and only if 


fala, y)fula,2) = 2 [lex -2)y\o] = (2/y)[(2n-2)\2] = (a/v) [2\(a\(e\2))] 
z/y = [ fo(a, whi, z)| j Calaict, 220). 


(a)=(c) Using F32 and 8. of Lemma[2.4] (Q,-) is a group if and only if 


fala,y) fle, 2) = 2[(e-22)p\z] = (e/a) [(2-22)\z] 
t/y = [fo(x, y)filz, 2)]/B2(o3(z, 2, z), 2). 


(a)=(d) Using F33 and 8. of Lemma[2.4] (Q,-) is a group if and only if 


fo(z, y) fil, z) = 2[z(ax-y)\c] = (a/(ex-y))(z 0) <> 
z\r = o(z, 03(z,2,y))\[fo(x, y) fila, z)]. 


(a)=(e) Using F3, and 8. of Lemmal[2.4] (Q,-) is a group if and only if 


fo(a,y)filw, 2) = 2[z(x- xy)\x] = (a/(@- vy) (z 2) = [((w/y)/x)/2] (2 2) — 
“\z — wa(z, y, 2, t)\[ fox, y) fiz, z)]. 


(a)=(f) Using F, and 10. of Lemma[2.4] (Q,-) is a group if and only if 


go(z,y)q(#, z) = [(az-y)a\2] = (ez-y)\c => 
a3(x,2z,Yy)- go(z,y)gi(a, z) = x. 


(a)(g) Using F3 and 10. of Lemma[.4] (Q,-) is a group if and only if 
g(x,y) (a, 2) = a[a(y-zx)\a] = w/(y- zx) = 
ga(x, y)gi(2, z) , a(x, z, y) = ot. 
(a)=(h) Using Fi, and 12. of Lemma[2.4] (Q,-) is a group if and only if 
fox, y)au(2, z) = a[(xz-x)y\z] = (x/y)[(wz- 2)\a] = (2/y) [(2\(2\(2/2)))] 
fala, y)gi(x, z) = (fa(x,y) - x) (x gu(a, 2) 
fo(x,y)gu(@, 2) = a2( fo(2, y), 7) B2(2, g1(a, z)). 
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a 


Or 


(a)@(i) Using Fy, and 12. of Lemma [2.4] (Q,-) is a group if and only if 


fo(a, ygqi(a, z) = | el zat : y)\z| = ai (z : ry) —— 
falz, y)oi(x, z) - O3(a, y, z) = =. 


(a)=(j) Using Fy; and 14. of Lemma[2.4] (Q,-) is a group if and only if 


go(x,y) fila, z) = a[(ze-y)a\a] = (ze-y\c) 
Gis (2,24) + Gol 2,9) fil 2) =o 


(a)(k) Using Fo, and 14. of Lemma[2.4] (Q,-) is a group if and only if 


g2(x, y) fi(z, z) = 2[(2(u- yx)\a] = [x/(x- yx)] (z\x) = [((y\x)/2) /2] (z\2) — 


g2(x, y) f(z, z) = (ga(x, y)/2) (x - fila, z)) —> 
g2(x, y) f(z, z) = V2 (go(z, y), x) bo( fila, 2), 2). 


. Apply 1.(c) 


. Using Fo3 and 14. of Lemma [2.4] if (Q,-) is flexible, then (Q,-) is a group if and only 


if 


go(x, y) filz, 2) =2\|(z 2(ay >a) 
g(x, y) filz, 
g2(x, y) fila, 2) 
g2(z, y)filx, 2) = 


\e] = 
z) 


. (a)S(b) Using Fy and 10. of Lemma[2.4] (Q,-) is a Moufang loop if and only if 


gol, y)gu(z, 2) = a[(0- y2)x\z] = (@-y2)\0 
O3(2,Y, 2) + Ga( x,y) gi(2,2) = =. 


(a)=(c) Using F, and 10. of Lemma[2.4] (Q,-) is a Moufang loop if and only if 


go(x,y)gi(w, 2) = 2[a(yz-2)\2] = a/(yz-2) 
go(z, y)gi (a, Z)- a3(y, 2,2) = 2. 


. (a)S(b) Using Fi3 and 12. of Lemma [2.4] (Q,-) is an extra loop if and only if 


fo(x, y)gi(a, z) = 2[a(za-y)\x] = 2/(za-y) 
folx, y)gi(z, 2) - a3(z,2,y) = 2. 
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(a)S(c) Using Fo: and 14. of Lemma[2.4] (Q,-) is an extra loop if and only if 


g2(x,y) f(z, z) = a|(z ; y)a\ 2] = (z-2y) => 
b3(y, £, 2) - go(x, y) fila, z) = 2. 
| 


We shall now establish some necessary and sufficient conditions for some identities of the 
type N=3,4,5,6 to be true in a middle loop. Of course, these identities are obviously true 
in a dissociative loop, hence, a RIF or WRIF loop has them. 


Theorem 2.5. Let (Q,:,\,/) be a middle Bol loop and let g, : Q? + Q be defined as: 
(x,y) = xy\x or 9(x,y) = x\(x/y). 


1. (Q,-) isa Dei loop if and only if g(x,y) =x- gi(x, yx). 

2. (Q,-) is a eee loop if and only if m(x,y) =x: Gz g(x, yx * in). 
3. (Q,+) is a ons loop if and only if gi(2,y) = 2+ (a-q(a,y- xx). 
4. If (Q,-) is a Styo-1.99 loop, the following are equivalent: 


(a) (Q,-) is a Ae aise) loop. (c) (Q,-) is a Ae nea loop. 
3,1 
(0) (O.2) 450 ean loop. 


Proof. We shall often use Equation (I4). 
1. (Q,-) is a 373-19 loop if and only if cy-« = a2- yx 
= (zy-z)\c = (w-yz)\c @ x\(2\(x/y)) = (e-ya)\2 @ (zy) = 2° gi(Z, ye). 
2. (Q,:) isa AY neo) loop if and only if (zy-x)x = 2x- (yx- x) 


<= |(zy-a)a]\x = |x: (yr: 2)]\r @ 2\(x\(z\(z/y))) = [x (yx - 2) ]\t @ 
OO Deh ee (@ g(x, yx - x)). 


3. (Q,:) isa Ay iniihays loop if and only if (zy-x)x = 2x- (y- 2x) 


= (zy-x)x\c =a: (y-ex)\x @ t\(z\(x\(z/y))) = n(a, y+ 2x) 
Oy) = a (a g(x, Yy- oe), 


4. This is achieved by assuming the hypothesis that (Q,-) is a OF eas loop and using 
2. and 3.. 
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Theorem 2.6. Let (Q,-,\,/) be a middle Bol loop and let g, : Q? > Q be defined as: 
(x,y) = xy\x or g(x,y) = x\(x/y). 


i, 


Zz 


. (Q,:) is a OF 


(Q, ‘) is a Ornate loop of and only of g(x, y) a a : (x . g(x, (yx : x)x))|. 


(Q,-) is a O apnd ated loop if and only if g(x,y) = nls (e g(x, yx - oa). 


. (O;*) 8 @ OF Haiti loop if and only if g(x,y) = x[x- (@- g(a, (y- vx)x))]. 


. The following are equivalent: 


(a) (Q,-) is a adie asset loop. (c) (Q,*) ts a Oe aayiaetyint loop. 
(b) (Q, -) 1s @ OF inane loop. (d) g(x,y) = cate . Gs q(x, yx*))]. 


. If (Q,+) is @ Fiy5—1.99 loop, then the following are equivalent: 


; Al 4,1 
,*) is a 2 acini dicts loop. (c) (Q,+) is a Jin iaane loop . 


4,1 
,*) isa OF ii eras loop. 


» Uf (Q,+) 4-@ Ue eas loop, then the following are equivalent: 


(a) (Q, -) iS a Ohio loop. (c) (Q), -) 1S a Opa heeas loop ; 
: 4,1 
(b) (Q, 2) iS a Oe eiaiseiay loop. 


. If (Q,-) is a is ae loop, the following are equivalent: 


(a) (Q,-) ts a ia diieineiily loop. (c) (Q,*) ts a Saoomigutd loop. 
4,1 
(b) (Q,-) is a Oi ian loop. 


. If (Q,-) is a Fipo-1.99 loop, ce ere loop and a ae loop, then the following 


are equivalent: 


(a) (Q,:) is a Diane loop. (d) (Q,:) is a Oa aaeia) loop. 

(b) (Q,-) is a o ace ieiat loop. (e) (Q,) ts a Divi Zegus loop. 
; ' 4,1 

(c) (Q,+) 8 @ Ones loop. (f) (Q,-) ts a Sree rn loop. 


[azaya] 1=1-[erai] : loop if and only if 


n(t,y) =z: |e e gilz, (yx-2)z - #)) I. 
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Proof. This is similar to the proof of Theorem 22.5] O 


Theorem 2.7. Let (Q,-,\,/) be a middle Bol loop and let gz : Q? > Q be defined as: 
go(x,y) = t\yx or go(x,y) = (y\x)/z. 


1. (Q,-) isa Foran loop if and only if go(x,y) = go(x, ry) + x. 
2. (Q,-) 18-a fF en loop if and only if go(x,y) = go(v,u-ry)x- x. 
8. (=) ta a Pere te loop if and only if go(x,y) = go(a, xu -y)x- x. 
4. If (Q,-) is a S}\5_1.19 loop, then the following are equivalent: 
(a) (Q,-) ts a eee loop. (c) (Q,-) is a Pee loop. 


(b) (Q,-) isa As a4 ends loop. 


Proof. This is similar to the proof of Theorem [2.5] with the aid of Equation (19). O 


Theorem 2.8. Let (Q,:,\,/) be a middle Bol loop and let g, : Q? — Q be defined as: 
n(x, y) = xy\x or ni (x,y) = x\(x/y). 


1. (Q,-) isa Oi sat Atala loop if and only if go(a,y) = (go(a, (a: xy))x-a)a. 
2. (Q,-) isa Trade tia loop if and only if go(x,y) = (ga(a, LL + LY) - ya: 


a. (Q,:) isa Deena loop if and only if go(x,y) = (g2(x, x(xx -y))ax- a) a, 


4. The following are equivalent: 


(a) (Q,-) is a Ospina loop. (c) (Q,-) is a OF icine loop. 
(b) (2; ‘) 1s @ eee loop. (d) go(x, y) =? (g2(x, x3y))a . cas 


5. If (Q,:) is a Fet544.5 loop, then the following are equivalent: 


(a) (Q,-) isa Ovacavja1(0-12).1 loop. (c) (Q,-) is a Oe loop . 
’ A, 
(6) (Q,-) is a Serene loop. 


6. If (Q,-) is a Feces loop, then the following are equivalent: 


i 4,1 . 41 
,*) is a se loop. (c) (Q,-) ts a Seen ares loop . 


‘ 4,1 
=) ws a Di so tiaoa loop. 


7. If (Q,-) is a Fue loop, the following are equivalent: 
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(a) (Q,-) is a 74 1(1-21)=(11-12)1 loop. (c) (Q,-) is a aan loop. 
(6) (Q,-) isa ees loop. 


8. If (Q,+) is@ on 1 aie 2OODs See 12 » loop and a. W2=(11-1)2 » loop, then the following 
are equivalent: 


(a) (Q,:) is a on L21)=1(1-12)-1 0p. (d) (Q,+) is a OF en aie loop. 
. A ; 
(b) (Q, 3) 1s a OG 1-21)=(11-12). 1) loop. (e) (Q, 2 1s @ Cae =itaiad loop. 
(c) (Q,-) isa oa 1.21)=1(11.-2)-1 !00p. (f) (Q,-) 1s a Oriana loop. 
9. (Q,+) is @ ee L[1(1-12)}-1 , loop if and only af 


g2(x, y) = [[lge(x, (yx - x(a(x- xy))))x-Ja]z]x. 
Proof. This is similar to the proof of Theorem 2.5] O 
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